We demonstrate nonlinear coupling between two orthogonal flexural modes of single as-grown GaAs nanowires. The resonant frequency of one mode can be shifted over many linewidths by mechanically driving the other mode. We present time-domain measurements of the mode coupling and characterize it further by pump-probe experiments. Measurements show that a geometric nonlinearity causes the frequency of one mode to depend directly on the square amplitude of the the other mode. Nearly degenerate orthogonal modes in nanowires are particularly interesting given their potential use in vectorial force sensing.
Coupling between different physical quantities lies at the very basis of the act of measurement. Coupling mechanisms in high-quality nanomechanical resonators are of particular interest, since these are excellent candidates to study the transition of quantum to classical physics 1 . Furthermore, the study of such coupling is essential for measurement techniques such as scanning probe microscopy, as well as for the investigation of hybrid systems. Sufficiently strong coupling forms the basis for phenomena such as phonon-cavity physics 2 , mechanically induced transparency 2,3 and synchronization [4] [5] [6] . It could also enable quantum non-demolition measurements of the displacement of one mode by measuring the frequency or phase of a coupled mode 7 . Furthermore, the coupling of mechanical modes has various applications including in frequency and amplitude modulation 8 , improving mechanical quality factors 9 , in several parametric amplifications schemes, and in the implementation of mechanical logic 10, 11 . Mode coupling may also be used in the enhancement of mechanically detected mass, charge and force sensitivity 12, 13 The measurement setup is illustrated in Figure 1 (ω
A symmetric equation can be written for the displacement of the second mode b with linear resonant frequency ω 2 and damping rate η 2 . Here, α ≡ The expression between parentheses on the left-hand side of Eq. 1 forms a frequencydependent response factor to the driving, where the last two terms are due to the geometrical nonlinearity and shift the resonance frequency of mode 1. Figure 2(a) ). In these measurements, a pump excitation is first applied at fixed amplitude and fixed frequency for 95 ms and then switched off, after which the decay of the excitation is observed for 5 ms. The measurement is then repeated and the results are averaged. Ringdown measurements with low driving amplitude show simple exponential decay and confirm the quality factors for both modes that were discussed before ( Fig. 2(a) ).
Next, we perform ringdown measurements at a higher driving amplitude at frequency f 2 . Fig. 2(b) ). The frequency of the beating is not constant in time, but tends towards f 2 − f 1 at the end of the decay. Qualitatively, this beating can be understood as follows: for high enough driving amplitudes, mode 1 is shifted enough in frequency through the coupling to overlap the pump frequency. Hence this mode is also excited at the pump frequency. During the second part of When the pump excitation is applied on resonance with mode 1, no beating pattern is observed, regardless of driving amplitude. This is consistent with the previous explanation, since in this case the pump drive pushes mode 2 away from f 1 , leading to no overlap of that mode with the excitation.
Now a clear beating pattern is visible in the averaged time trace (See
To investigate the dependence of ∆f c on the displacement of the pumped mode in more detail, we perform pump-probe measurements. In the leftmost panel of Figure 3 , the response of mode 1 is probed by sweeping with a weak excitation, while mode 2 is driven with a The shape of the resonance of the probed mode changes as the pump frequency is stepped.
This provides a way to tune the effective nonlinearity of one mode by precisely controlling the motion in the other, orthogonal mode. Using perturbation theory, one can write the effective nonlinearity constant of a mode in terms of the derivative of the squared displacement in the other mode with respect to the driving frequency:
Mode 2 shows a jump in its response around the frequency indicated in Fig. 3 by the red dashed line. Due to this effect, the last term in Eq. 2 changes sign at this frequency, resulting in a negative effective nonlinearity (sharkfin-shape with jump on lower flank) of the probed mode for lower pump frequencies and a positive effective nonlinearity (sharkfin-shape with jump on higher flank) for higher pump frequencies.
Similarly, the amplitude response function of the pumped mode can be mapped onto the frequency shift of the other mode by stepping the pump amplitude at fixed frequency. Fig. 4(b) . In Fig. 4(c) , the pump frequency is set to a value higher than f 2 . Varying the pump amplitude initially results in a small, quadratic frequency shift of mode 1. As the pump amplitude is increased, mode 2 enters its nonlinear regime and becomes bistable, showing a jump in its response at a frequency that increases with increasing pump amplitude. For high enough amplitude, this frequency reaches the pump frequency, allowing mode 2 to jump to its high-amplitude branch. This jump is observed as a corresponding jump in frequency shift of mode 1.
For relatively low displacements of mode 2, the frequency shift in both cases shows a quadratic dependence (See insets Figs. 4(b) and (c) ). The deviations from this behavior at higher pump amplitudes are most likely related to optical compression in the interferometric detector, as well as mechanical mixing due to the presence of both pump and probe drives, and possibly due to the wire entering a strong bending regime of motion 35 . We confirm the orthogonal nature of the two modes by using two perpendicularly mounted PZTs to drive the pump excitation (as shown in Fig. 1(b) ). From the magnitude of the frequency shifts (solid and dashed data sets in Fig. 4(b) , for PZT2 and PZT1, respectively) we infer that PZT2 drives mode 2 more than PZT1. Similarly, by probing the response of mode 1 with each PZT, we determine that PZT1 drives mode 1 harder than PZT2.
The ability to map the displacements and oscillation frequencies of one mode onto the frequency of another mode can be used to implement amplitude to frequency conversion, frequency modulation, and frequency tuning. This type of mode coupling and nonlinearity can also be used to perform mechanical logic. As a proof-of-principle, we demonstrate mechanical OR and NOR gates in the Supplementary Information. The hysteresis due to the nonlinearity of the modes also provides a straightforward way to store these logical output states 10,11 .
In conclusion, we have shown that two orthogonal flexural modes of a GaAs nanowire can couple through nonlinear terms in the motion. The mode coupling is clearly visible in ringdown measurements, where we observe a beating pattern with frequency equal to the difference in mode frequencies. We furthermore demonstrate that the frequency shift of one mode is proportional to the square amplitude of the coupled mode, confirming the nonlinear nature of the coupling. This system allows for the implementation of mechanical logic and memory. Finally, a prospective use of the two orthogonal modes in the nanowires lies in bideimensional sensing. By entering the nonlinear regime of motion in each mode, a force sensitivity of ∼100 zN/ √ Hz 29 could in principle be reached in both orthogonal directions simultaneously. Such a bidimensional sensor has been used before to measure the nonconservative nature of radiation pressure 13 , but could also be used to detect vector force gradients on a sample surface, e.g. in an atomic force microscopy setup. The mode coupling could enhance such measurements by allowing two-dimensional information to be obtained through the read-out of a single mode.
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